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Abstract. Many efforts have been involved in association study of quan-
titative phenotypes and expressed genes. The key issue is how to effi-
ciently identify phenotype-associated genes using appropriate methods.
The limitations for the existing approaches are discussed. We propose a
hierarchical mixture model in which the relationship between gene ex-
pressions and phenotypic values is described using orthogonal polynomi-
als. Gene specific coefficient, which reflects the strength of association, is
assumed to be sampled from a mixture of two normal distributions. The
association status for a gene is determined based on which distribution
the gene specific coefficient is sampled from. The statistical inferences are
made via the posterior mean drawn from a Markov Chain Monte Carlo
sample. The new method outperforms the existing methods in simulated
study as well as the analysis of a mice data generated for obesity research.
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1 Introduction

Microarray technology allows us to measure the expression levels of many thou-
sands of genes simultaneously. The objective of microarray experiments is to
closely examine the changes of gene expression under different experimental con-
ditions. These conditions may simply be control and various treatments [1], or
may represent different time slots after a certain treatment is applied to the ex-
perimental subjects [2], or may refer to measurements of quantitative phenotype
for different subjects [3]. Many statistical methodologies have been proposed to
analyze data generated from microarray experiments. Fundamental microarray
data analyses aim to identify a list of genes as being differentially expressed
across experimental conditions [4,5,6]. Recent methods, such as various cluster
analyses, have been devised not to find individual genes but to search for groups
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of genes that are functionally related [7,8,9,10]. However, many existing cluster
analyses only use expression data, which requires extra steps to infer the func-
tions of genes that form a cluster. Incorporating biological information [11] or
phenotypic information [12] into cluster analyses seems to be more efficient and
reasonable.

Efforts have been provided to uncover genes that affect the phenotype of in-
terest. For example, [3] conducted an experiment to study the relationship of
gene expression and Alzheimer’s disease. The Pearson’s correlation was calcu-
lated for each gene with the phenotypic values separately. Genes were declared to
be disease-associated if their correlation coefficients are statistically significant.
Similarly, [13] used the Pearson’s correlation analysis to study the relationship
of gene expression and mouse weight. First, the highly correlated genes were
clustered into the same group which was called “module”. Next, they assessed
the physiological relevance of each module by examining the overall correlation
of the module genes with the phenotype. The genes within a significant module
were claimed to be associated with the phenotype.

As suggested by [12], the Pearson’s correlation analysis may not be optimal
for two reasons: (1) Genes are not jointly analyzed leading to a poor informa-
tion sharing across genes. (2) A significant correlation is not always biologically
meaningful unless the regression is also high. They proposed a mixed model in
which the gene expression levels are linearly regressed on the phenotypic values.
The regression coefficients, which reflect the affiliation of the genes with the phe-
notype, are used to cluster genes into a number of functional groups. A cluster
is claimed to be significant if the regression coefficient of the mean expression
profile is not equal to zero; otherwise, the cluster is claimed as neutral. Genes
that have been assigned into non-neutral clusters are target genes. Because the
mixed model of [12] is solely built upon the assumption of linear association, it is
limited to pick up genes that are associated with the phenotype in a non-linear
manner. In order to solve this problem, [14] developed a mixed model to clus-
ter genes based on the non-linear association using orthogonal polynomials. For
these two model-based analyses, the optimal number of clusters is not known and
needs to be determined by comparing the BIC [15] values for different models.
To our experience, this often requires credible evaluations for at least 10 models
with distinct dimensionality of parameters which is defined by the number of
clusters. It would be more computationally intensive if non-linear association is
considered due to the complex nature of microarray data.

In current study, we developed a Bayesian hierarchical model to cluster genes
with fixed number of clusters. The non-linear relationship between gene and the
phenotype is also described using orthogonal polynomials. The orthogonal poly-
nomials can be constructed as described by [16]. For each gene, the coefficient
of each polynomial is assumed to be sampled from a two-components mixture
Normal distribution. Both Normal components have mean zero but different
variances, i.e., one has a very small variance while the other has a larger vari-
ance. If the corresponding coefficient is sampled from the component with small
variance, the coefficient is enforced to be zero; otherwise, the coefficient is non-
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trivial and its magnitude should be estimated from data. That is to say each gene
may be assigned into one of two clusters based on whether it is associated with
the polynomial. Suppose that there are p polynomials in the expression model.
Therefore, there are a total of 2p patterns or clusters to illustrate genes under
study. Once p is chosen, the number of clusters is immediately determined, which
circumvents the model evaluations required by the aforementioned methods.

2 Methods

2.1 Hierarchical Linear Model

Let m and N be the number of genes and the number of subjects under study,
respectively. Let Z be the measurements of a quantitative phenotype collected
from N subjects. The expression levels of gene i across N subjects can be de-
scribed in the following model:

Yi(Z) = αi + βi(Z) + εi, (1)

where i = 1, . . . , m. In the model 1, Yi(Z) is a N × 1 matrix, αi represents
the gene specific intercept, βi(Z) is an arbitrary function chosen to describe the
relationship between the gene expressions and the phenotypic values, and εi is
used to model the random error with assumed N(0, Iσ2) distribution.

There are different ways to choose function βi(Z). In current study, we only
consider the orthogonal polynomials [16], such that, βi(Z) can be expressed as:

βi(Z) = Xβi =
p∑

j=1

Xjβij ,

where p is the degree of orthogonal polynomials after transformation, Z is
transformed into a N × p matrix which is denoted by X = (X1, . . . , Xp), and
βi = (βi1, . . . , βip) represents the corresponding coefficients for gene i. Then,
model 1 can be rewritten as:

Yi = αi +
p∑

j=1

Xjβij + εi. (2)

Using a linear contrasting scheme (see [14]), model 2 can be further written as

yi =
p∑

j=1

xjβij + εi, (3)

where
∑N

k=1 yik = 0 and
∑N

k=1 xjk = 0. In fact, we do not have N pieces of
independent information for each gene after linear contrasting. Therefore, the
last element of vector yi should be removed and yi becomes an n × 1 vector for
n = N − 1. Accordingly, xj becomes an n × 1 vector, and εi is now N(0, Rσ2)
distributed with a known n × n positive definite matrix R (see [14]).
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For the sake of convenience for presentation, we use the following notation to
express different probability densities throughout current study:

p(variable|parameter list) = DensityName(variable; parameter list).

For example, the probability of yi given all the βij variables and σ2 is described as

p

⎛

⎝yi

∣∣∣∣∣∣

p∑

j=1

xjβij , Rσ2

⎞

⎠ = Normal

⎛

⎝yi;
p∑

j=1

xjβij , Rσ2

⎞

⎠ . (4)

The model 3 is the lowest level in the hierarchical structure, which is governed by
higher parameters, such as regression coefficients (βij) and the residual variance
(σ2). These parameters themselves are controlled by assumed higher distribu-
tions. In this study, we assign a mixture distribution to βij as originally suggested
by [17],

p(βij |ηij , σ
2
j ) = (1 − ηij)Normal(βij ; 0, δ) + ηijNormal(βij ; 0, σ2

j ) (5)

where δ = 10−4 (a small positive number) and σ2
j is an unknown variance as-

signed to the jth polynomial. Variable ηij = {0, 1} is used to indicate whether
βij is sampled from a N(0, δ) or a N(0, σ2

j ) distribution. If it comes from the first
normal distribution, βij is virtually fixed at zero; otherwise, βij has a non-trivial
value and should be estimated from the data. Therefore, ηij = 1 means that
βij �= 0 and gene i is associated with the jth polynomial. The hierarchical level
of density 5 is regulated by ηij and σ2

j . We further describe ηij by a Bernoulii
distribution with probability ρj , denoted by

p(ηij |ρj) = Bernoulii(ηij ; ρj). (6)

The parameter ρj will control the proportion of the genes that are associated
with the jth polynomial. Because of the hierarchical nature, we may further de-
scribe ρj by a Dirichlet distribution, denoted by Dirichlet(ρj ; 1, 1). The variance
components of the hierarchical model are assigned scaled inverse chi-square dis-
tributions, denoted by Inv − χ2(σ2

j ; d0, ω0). We choose d0 = 5 and ω0 = 50 for
σ2

j , and choose d0 = 0 and ω0 = 0 for σ2.

2.2 Markov Chain Monte Carlo

The typical technique for inferring the posterior distributions of the parameters
is to use MCMC sampling since the posterior distributions are intractable. We
draw a posterior sample from which empirical posterior means of interested pa-
rameters can be found. First, we choose initial values for parameter θ, where
θ = (σ2, σ2

1 , . . . , σ2
p, ρ). We then derive the distribution of one parameter condi-

tional on the data and values of all other variables, i.e., p(θk|data, θ−k), where θk

is current parameter of interest and θ−k is the list of remaining variables. This
distribution usually has a simple form from which a value for θk can be sampled.
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The parameter θk is then updated using the realized value, and it will be used
as known parameter to update all other parameters in the same manner. The
detailed sampling scheme for each variable is described as follows.

(1) Variable ηij is simulated from Bernoulli(ηij ; πij), where

πij =
ρjN(γij ; 0, σ2

j )
ρjN(γij ; 0, σ2

j ) + (1 − ρj)N(γij ; 0, δ)
(7)

(2) Variable βij is simulated from N(βij ; μβ, σ2
β), where

μβ =

[
xT

j R−1xj +
σ2

ηijσ2
j + (1 − ηij)δ

]−1

xT
j R−1�yi, (8)

σ2
β =

[
xT

j R−1xj +
σ2

ηijσ2
j + (1 − ηij)δ

]−1

σ2 (9)

and

�yi = yi −
p∑

j′ �=j

xj′βij′ (10)

which is called the offset of yi adjusted for the jth polynomial effect.
(3) Sample σ2

j from

Inv − χ2

(
σ2

j ;
m∑

i=1

ηij + 5,
m∑

i=1

ηijβ
2
ij + 50

)
.

(4) Sample σ2 from

Inv − χ2

⎛

⎝σ2; mn,

m∑

i=1

(yi −
p∑

j=1

xjβij)T R−1(yi −
p∑

j=1

xjβij)

⎞

⎠ .

(5) Simulate ρj from

Dirichlet

(
ρj ;

m∑

i=1

ηij + 1, m −
m∑

i=1

ηij + 1

)
.

So far, every variable has been updated. Once every variable is updated,
we complete one iteration or sweep. The sampling process continues until the
Markov chain reaches its stationary distribution. The length of the chain re-
quired for convergence can be determined by the R package “coda” [18]. We
discard a number of iterations from the beginning of the chain, which is so-called
burn-in period. For the remaining portion of the chain, we save one observation
in every 10 sweeps to form a posterior sample until the sample is sufficiently
large to allow an accurate estimate of the posterior mean for each variable. Let
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η̄ij = N−1
p

∑Np

l=1 η
(l)
ij be the posterior mean of variable ηij , where Np is the pos-

terior sample size. Gene i is said to be associated with the jth polynomial if
η̄ij is greater than some pre-specified threshold. We use 0.8 as such cutoff point
throughout the current study since [19] showed that 0.8 was quite sufficient
to achieve the false discovery rate (FDR) control at ≤ 1% level in the similar
analysis.

3 Implementation

3.1 Simulation Study

In the simulation study, a total of 20 datasets were simulated independently.
For each dataset, expression levels of 1000 genes were simulated for 50 subjects.
The phenotypic value for each subject was randomly selected from U(0, 10). The
50×1 phenotype matrix was then transformed into 50×3 orthogonal polynomi-
als matrix with degree 3. The corresponding 3 × 1 regression coefficient matrix
for each gene was generated as follows. For genes 1 to 5 and genes 21 to 35, the
coefficients for the polynomial of the first order were simulated from N(0, 32).
For genes 6 to 10, genes 16 to 25, and genes 31 to 35, the coefficients for the
polynomial of the second order were simulated from N(0, 12). For genes 11 to 20
and genes 26 to 35, the coefficients for the polynomial of the third order were
simulated from N(0, 0.52). In current study, we define a gene-polynomial associ-
ation as a linkage. Thus, a total of 60 linkages were generated in the simulation
study. Such set up made the 1000 genes fall into 23 = 8 binary-based categories,
which were represented by (0 0 0), (1 0 0), (0 1 0), (0 0 1), (0 1 1), (1 1 0), (1 0 1)
and (1 1 1), respectively. For example, gene 1 can be regarded as a member of
the cluster (1 0 0) since it was only associated with the polynomial of the first
order; while gene 35 belonged to the cluster (1 1 1) because the coefficients for
all three polynomials are non-trivial. Only the first 35 genes were associated
with phenotype while the majority of the genes were placed in the neutral clus-
ter represented by (0 0 0). The residual error for each gene was sampled from
N(0, 0.42). The aim of our analysis is to detect genes represented by significant
linkages with the phenotypic polynomials.

We used the new method to analyze the 20 simulated datasets separately. The
results summarized from 20 analyses are presented in Table 1. The estimated
parameters agreed with the true values very well. Due to the small sample size

Table 1. True and estimated values by the new method for the parameters used in
simulation study

Parameter
ρ1 ρ2 ρ3 σ2

1 σ2
1 σ2

1 σ2

True 0.020 0.020 0.020 9.00 1.00 0.25 0.160
Estimate 0.021 0.019 0.017 10.72 3.18 2.93 0.160



Detection of Quantitative Trait Associated Genes Using Cluster Analysis 89

2 4 6 8 10

−
0.

5
0.

0
0.

5
1.

0

Phenotype

E
xp

re
ss

io
n

2 4 6 8 10

−
3

−
1

1
2

3

Phenotype

E
xp

re
ss

io
n

2 4 6 8 10

−
1.

0
0.

0
1.

0
Phenotype

E
xp

re
ss

io
n

2 4 6 8 10

−
2

−
1

0
1

2

Phenotype

E
xp

re
ss

io
n

2 4 6 8 10

−
2

0
1

2

Phenotype

E
xp

re
ss

io
n

2 4 6 8 10

−
6

−
4

−
2

0
2

Phenotype

E
xp

re
ss

io
n

2 4 6 8 10

−
2

0
2

4

Phenotype

E
xp

re
ss

io
n

2 4 6 8 10

−
4

0
2

4
Phenotype

E
xp

re
ss

io
n

Fig. 1. Plots of the typical genes selected from each of 8 clusters for the analysis of
one simulated dataset

Table 2. Comparison between two methods based on the percentages of true genes
identified by each of them. Dataset one is the one simulated in current study and
dataset two is that simulated in [14]. Method I is the proposed method and method II
is the method of [14].

Dataset
Method One Two

I 88.57% 100.0%
II 62.86% 98.38%

(≤ 30) for each polynomial, the estimated σ2
j showed some deviations from the

true values. Figure 1 gives the plots of the typical genes selected from each of 8
clusters for the analysis of one simulated dataset. The expression pattern of each
gene across phenotypic values is satisfactorily depicted with a regression curve
approximated by the new method. We also used the method of [14] to analyze
the same dataset. The optimal BIC occurred when the number of clusters was
set to 7. Because two methods use different criterions to cluster genes, that is
the method of [14] classifies genes based on their mean expression pattern across
the phenotypic polynomials; while the proposed method clusters genes based on
whether they are significantly associated with the phenotypic polynomials. Thus,
we compared two methods by checking the proportions of true associated genes
that have been successfully identified by each of them. Note that the numbers
of falsely identified genes were zero for both methods. The results are listed in
Table 2, from where we can see that the new method identified more true genes
than the method of [14]. We examined all 7 true linkages missed by our analysis.
The average of the absolute effects for these 7 linkages was 0.08, which is too
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small to be detectable with reasonable analysis methods. We understand that
the better performance of the new method may result from simulation scheme
which could be biased to the new method. To eliminate this nuisance factor, we
also analyzed the dataset simulated in [14] using two methods. From Table 2,
we can see that the new method outperformed the method of [14] again.

3.2 Analysis of Mice Data

To demonstrate the new method, we analyzed a mice data collected for obesity
study by [20]. The data are publicly available at gene expression omnibus (GEO)
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Fig. 2. (a) Plots of the typical transcripts selected from each of the 8 clusters for the
analysis of glucose-expression associations for mice data. (b) Scatter plots of selected
transcripts identified by one method by missed by the other method for the analysis
of glucose-expression associations for mice data. Four transcripts on the left panel are
those only detected by the proposed method; while the other four on the right panel
are transcripts solely detected by the method of [14].

Fig. 3. Transcripts detected by the two methods for the analysis of glucose-expression
associations for mice data. Method I is the proposed method and method II is the
method of [14].
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with accession no. GSE3330. In their experiment, a total of 60 ob/ob mice were
examined. For each mouse, the expression levels of over 40,000 transcripts and
25 obesity related phenotypes were measured. Since the expression levels of most
transcripts are constant across 60 mice and they do not provide any information,
we eliminated those non-variant transcripts prior to the analysis to lessen the
computation burden. We sorted all transcripts by their variances across 60 in-
dividuals and deleted the transcripts with variances less than 0.05, leaving 5185
most varying transcripts for further analysis. Similar pre-screening scheme has
been used for array data analyses [13,19]. In current study, we only investigated
the association between gene expression and plasma glucose level (mg/dl). The
phenotypic data were collected at eight weeks of age. A total of 126 transcripts
were detected to be associated with the glucose level. The typical transcripts
selected from each of the 8 clusters are presented in Figure 2(a). We also used
the method of [14] to analyze the expression-glucose data. The optimal BIC
occurred when the number of clusters was 2, which might not be sound. More
distinct clusters were expected due to the complexity of array data. The BIC
value kept going down as the number of clusters increased, though the differ-
ences of analytic results from different models were trivial. In this case we chose
the number of clusters as 8 to achieve the parallel between two methods. A total
of 125 transcripts were identified. From Figure 3, we can see that both methods
detected 114 common transcripts. We checked all the transcripts that have been
detected by one method but missed by the other one. The left four transcripts
in Figure 2(b) were detected by the new method but missed by the method of
[14]. These four transcripts had slight slopes which should be accounted. The
four transcripts on the right panel were only detected by the method of [14]. We
could not see any regressions between the expression levels and the phenotypic
values. It seemed that the new method had more power than the method of [14];
on the other hand, the new method was subject to lower type I error than the
method of [14].

4 Discussion

The purpose of current study is to introduce a more sensitive and convenient ap-
proach for association study on gene expressions and quantitative traits. Similar
to the existing method of [14], the new method is also based on the non-linear
relationship assumption and is realized via orthogonal polynomial transforma-
tion. The differences are: (1) the method of [14] organize genes based on their
mean expression patterns across phenotypic values; while the new method clus-
ters genes by examine their associations with the polynomials of phenotype.
(2) in method of [14], extra model evaluations are needed to find the optimal
number of clusters; however, this is not necessary for new method, where the
number of clusters is always fixed. In the analysis of [14], the significant tests
are performed on the coefficients of the mean expressions for genes. In such the
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case, the coefficients for all polynomials are jointly considered, which sometimes
leads to loss of power. Suppose that, for a gene, the coefficients for the second
and the third order are trivial, while the coefficient for the first order is some-
what significant. This gene may not be detected when the overall significance is
considered. In the new method, this would not happen since we test the associ-
ation of gene expression with each polynomial individually. We can sharpen the
prior (δ) to make the analysis sensitive to a satisfactory extent. A gene that is
significantly linked to any of the polynomials will be picked up. We also noticed
that all the missed significant genes by the method of [14] are all linearly asso-
ciated with the phenotype, which means that the genes linked with phenotype
with higher orders are relatively easier to be seen. That makes senses because
the high-order association tends to show a more obvious pattern than the linear
association does. This explains why the genes with slight first order regressions
have been overlooked by the method of [14]. For the analysis of [14], we need
to compare the BIC values for different models to find the optimal number of
clusters, which requires considerable extra effort. Such evaluation failed proba-
bly due to the complexity of the array data. We consider this extra computation
can be avoided by fixing the number of clusters through a meaningful way. In
current study, we classify genes into one of two clusters for each polynomial, that
is, cluster contains non-associated genes and cluster contains associated genes.
Thus, the association of a gene with the phenotype may be describe by one of
2p patterns, which makes the new method more efficient in implementation.

As aforementioned in Methods section, different functions can be adopted for
βi(Z), which is used to describe the relationship between the gene expression
and the phenotype in current study. For example, we may use B-spline transfor-
mation instead. Simulation studies indicated that B-spline version is equivalent
to orthogonal polynomials version (data not shown). B-spline is a alternative
way of constructing a basis for piecewise polynomial; however, it is not a nat-
ural method of describing spline. Thus, we prefer using orthogonal polynomials
version in current study since the behavior of regression of gene expressions on
phenotype can be easily interpreted.

The association study of gene expressions and phenotypes provides with a
pilot research for gene network study. For example, we may first identify tran-
scripts that are associated with the phenotypes of the disease. The common
genes that have been discovered to be associated with multiple phenotypes may
play key roles in disease development. Experiments may be carried out to verify
their biological significance. We may treat the validated genes as seed genes and
further search for other non-annotated genes that may be functionally connected
with these genes. New genes may be identified by checking if their expression
levels significantly correlate with that of the seed genes. Or, given the informa-
tion on the genomic markers, we may map the seed genes as well as the genes
with unknown functions jointly using so called eQTL mapping scheme, such as
[21,19]. The genes that have been mapped to the same genomic loci with the
seed genes are likely to be functionally related to the seed genes and contribute
to the disease.
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